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TRANSFORMATIONS ON [0,1] WITH
INFINITE INVARIANT MEASURES

BY
MAXIMILIAN THALER

ABSTRACT

Under certain regularity conditions a real transformation with indifferent fixed
points has an infinite invariant measure equivalent to Lebesgue measure. In this
paper several ergodic properties of such transformations are established.

Introduction

In [20] we studied the invariant densities of real transformations with
indifferent fixed points. The purpose of the present paper is to give a more
detailed analysis of the ergodic behaviour of such transformations using the
density estimates obtained in [20] and the fact that the associated jump
transformations satisfy Rényi’s condition. Like null recurrent Markov chains or
inner functions of the upper half plane, transformations of this type are good
examples to illustrate the statistical laws governing the iteration of maps
preserving infinite measures.

Section 1 contains the necessary definitions and notations as well as some
general remarks on auxiliary transformations which are essential tools in our
investigation. In section 2 we prove exactness and rational ergodicity. In section
3 we show that for a given transformation T the class of sets with the same
minimal wandering rate is large enough to provide an isomorphism invariant.
We also show how to calculate the minimal wandering rate in case T admits
expansions at the indifferent fixed points. In section 4 we deal with the problem
of calculating the entropy of the transformations in question. At the same time
we derive a criterion to decide whether it is finite or infinite, and an analogue to
the Theorem of McMillan.

1. Preliminaries

We begin with a brief survey of those properties of induced and jump
transformations which are of interest here using a slightly more general concept.
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Let (X, ) be a measurable space and T: X — X a measurable transforma-
tion. Let A € &, and n: A — N be a measurable map such that T"*(x) € A for
every X € A. Then we can define a transformation Ts.:A— A by T, .(x)=
T"*(x). Putting

B.={x€A:n(x)=k} (k=1)

we have T4.(E)=U._,(B.N T E) for each ECA. This shows Ty, is
measurable with respect to A N %R. Recall the following well-known special
cases.

(i) Let AC U, T"A. Then

n(x)=min{n =1:T" (x)E A}, XEA,

defines the induced transformation Tx on A (cf. [9]).

(ii) Let a, be an at most countable measurable partition of X ; let a, be the set
of atoms of Vi~ T e, and B an arbitrary subset of U, -, @, with U, Z = X.
Then the transformation defined by

n(x)=min{nz1:x€EZ€a,NB}, xE€X,

is known as the jump transformation over B (cf. [16]).
(iii) Let BE R, U,.oT"B =X, and

n(x)=1+min{n =0: T" (x) € B}, xeX

The transformation obtained in this way may be called the ‘first passage map’
with respect to B. It is closely related to Ty (cf. [17]).

Now let T.. be defined as above. Taking into account that B, N
T*(ENA)=B.NT™E it is easily seen that the set E N A is invariant for
Ta.» whenever E is invariant for T. Thus, if o is 2 measure on & such that T is
non-singular with respect to o and X =U,_,T™A (mod 0), we have:

If T4, is ergodic with respect to ojana,
(1.1) then T is ergodic with respect to a.

From Tx.(E)C|Ui..T™E, EC A, s 21, it follows that W N A is wandering
for Ta.., if W is wandering for T. Hence given a measure o on & such that
A =X (mod 0) we have:

12 If T4, . is conservative with respect to ojsna,
(12) then T is conservative with respect to o.
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Finally, every invariant measure for Ta . (A, n arbitrary) yields an invariant
measure for T. To prove this, let

D.={x€A:n(x)zk} (kz=1)

and v be a measure on A N R. For s = —1,0,1,2,---, define the measures v, by
the formula

vo=2 (T *END.), EER
k=1

Then,

if v is invariant for Ta.., v, is invariant for T,

(13) ie. v, =y foralls,t€{-1,0,1,2,---}.

This very useful formula has a very short proof. For, using D, = Di+1U Bi
(k =1), we have

b (T"E)= 3, v(T"™E N D)+ »(Tan(T""E N A)) = u(E)

(cf. [13] for induced transformations (s =0), [16] for jump transformations

(s=—-1)).

Here we shall be concerned with a class of transformations T:[0,1]—][0,1]
specified below. In fact, these transformations as well as the auxiliary transfor-
mations occurring in this paper will generally be defined only up to sets of
Lebesgue measure zero. Henceforth we shall not mention this explicitly.

Let & ={B(i):i € I} be a collection of disjoint subintervals of [0,1], |I| =2,
with A([0,1]\U.c;B(i))=0, where A denotes the Lebesgue measure on the
o-field # of Lebesgue measurable subsets of [0,1]. Then we assume:

(1) T,,, is twice differentiable, and TB(i)=[0,1] for all i € L. Every -B(i)
contains exactly one fixed point x;, and the set J ={i € I: T'(x;) =1} is finite.

@) T'(x)z p(e)>1 for all x € U.esB(i)\Ue) (x; — &,x; + ), Ve >0.

(3) For j€J, T' is decreasing on (x; —m,x;)N B(j) and increasing on
(x5, x; + n) N B(j) for some 5 >0.

(4) | T"(x)| T"(x)™ is bounded on U, B(i).

Let  denote the class of all such transformations and I the subclass of those
among them for which J =(J. As is well known T € 7 belongs to J, if and only
if T satisfies Rényi’s condition (cf. [14]). In particular, every T € Jx has a finite
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ergodic invariant measure equivalent to A (see also Lemma 3 in section 3).
Furthermore, it is easy to verify that {, is a generator for every T € 7. We shall
use the following notations:

B(kl"",kn)= m T_HIB(ki)a (kla'”,k”)eln’ ngl’
i=1
B.(i)=B(i,---,i), i€l 2. ={B.(j):j € J},

n times

{:n={B(k1,‘",k,,):(kl,“',k,‘)EI"}, ;

8

I
6n-
1

Il

As in [20], let T* denote the jump transformation over the cylinder class
B =\U..1 %, (cf. (ii)). With the notations introduced above we have in this
case

D.= U Z nz2, B,= |J B(k),

Z€D, kerJ

B.= U U BG,-.jk), nz2
[

JET  k#j
n-1

Let I* ={(ky," -, k.): B(ky," ", ks) C Bs, n = 1}. By theorem 2 and corollary 2
in [20], T* € J&. In particular,
there exists a constant C such that

(1.4)
esssupw(ki, -+, k.)(x)=Cessinfo(ky, -, k:)(x)
x€[0,1}

x€[0,1]

for all (ky, -, k.)EI" (n =1) of the form (k¥, -, ki) with ki e€I* 1=i=q,
where

ok, k) () =k fr, - (2)

and fu,...x, is the inverse of T" restricted to B(ky,: -+, kn).

According to (1.3) T € J has an invariant measure u ~ A. As a consequence
of (1.1) and (1.2),

(1.5) T is conservative and ergodic with respect to p(A).

It was shown in [20] that du/dA satisfies

Cljl;lj Gi(x)ggf(x)§ Czj];lF,-(x) ae. (c,6>0),
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where
Gi(x)=(x —x)(Tx —x)
F(x)=(x —x)(x = fi(x))”
Gi(x)=F(x)=1 for x €[0,1]\B(j).

} for x € B(j),x # x;,

From (Tx —x)(x — f;(x))"' = T'(&) (& between x and fi(x)) for x € B(j) it
follows that

lim F;(x)/Gi(x)=1 foralljeJ.

X,
X —>X;

Using this and a continuity argument one sees that F;(x)/G;(x) is bounded on
B(j) and hence on [0, 1]. Therefore the above estimates can be written in the
following more compact form:

Ewm=hmIG6E®

(1.6) ) i
=hW)[[Fkx), 0<ca=h,h sc,<w.
=

If j € J, then by condition (4)
| Tx — x| =3 T"(&)|(x — x;)* = const. (x — x;)’

in a neighbourhood of x;. This shows that the invariant measure u is infinite for
T € 9\ J=. Some examples belonging to the class 7\ Jx can be found in [2],
[4], [5], [10], [12], [13], [18], [19], [20].

REMARKS. (i) If T is replaced by | T'| in the assumptions for T, (1.6) remains
true as long as T is increasing on every interval B(j), j € J. However, if T is
decreasing on B(j), G; has to be replaced by G, where

Gi(x)=(x—-x)T*x—x)", x€B(,j), Gi(x)=1 elsewhere.

The second expression has to be modified analogously. All other statements also
hold when T is decreasing on B(j) for some or all j € J.

(i) As mentioned before, the conservativity of T € 7\ Jr follows via (1.2)
from the conservativity of T*. By the following argument it may be possible to
prove conservativity by a short calculation, provided the invariant measure is
known.
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It g(f, (x)>c (x) A-ae. (¢>0),

(1.7) =

then T is conservative with respect to A.

ProOF. Let W € & be wandering with respect to T. Then S5, A (T *W)=
1, hence

£

limr,=0 forr.= X AT *W).

Now, . . ]
= Z:l)\(T"‘(T”'W) )= }_‘, (T"‘(T"‘W)ﬂ U Bk(/'))
=3 AT T W)N BG)
- (2 S (6 0)) dr)
>cf (x)d)\(x)
=cu(W) forall n = 1.
Thus, u(W)= A (W) =0. O

The following well-known examples illustrate the application of (1.7).
ExAMPLE 1.
T(x) = x/(1 - x) (mod 1), ‘E’)%(x)=x“,
B(i)=[i/(i +1),(i +1)/(i +2)), i=0,1,2,---
(foy(x)=(1+kx)7,

I J = {0}’

gl(fé‘)’(x)g x! 21(1/(1 +kx)~1/A+(k+Dx))=3x7"
EXAMPLE 2.

T(x)=tanx (mod 7w) on (—=/2,7/2), g)%(x) =sin’x,

B(i) = (arctan(2i — 1)7r/2,arctan(2i + 1) /2), i€Z, J={0},
fo(x)=(1+x°)7,
21 (foy(x)= 2} (fox))* =x= @/ m*)sin x.
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2. Exactness and rational ergodicity
It is well known that the transformations T € J are exact endomorphisms,
i.e.

A T2 ={6,[0,1]} (mod0)  (cf. [15]).

As the condition TB(i)=[0,1] (i € I) suggests, this is true for all T&€ 7.
THEOREM 1. Every T € J is an exact endomorphism.

ProofF. Let (%={B(k%, --,k¥):k*€I*, 1=i=n} be the set of T*-
cylinders of rank n. Define the functions ni(x), k =1, by

n(x)=j S xEZE{IN.
Then n, is defined a.e. on [0,1] and fulfils
(T*)*(x) = T™"(x).

Let A€),_, TR, ie. for every n there exists a set A, €& such that
A=T7"A, and let A\(A)>0.If Z€{} and x € Z, then

EQ.

(D)= 1A NZ)YMZ)=A(T*)* (An) N Z)A(Z).
In view of (1.4) this implies

2.1) CTMAnw) = E(La || (D) (x)= C A (An)-

Let

6(x)=liminf A (A,))-
k—oo

Sirice V-1t =R (mod 0) it follows from the left hand side of (2.1) and the
martingale theorem that

la(x)ZC'8(x) ae.

The assertion of the theorem is proved if we show 8(x)> 0 a.e. To do this, let

K= {x €[0,1]):lim E(14 [[{F)(x) = 1A(x)}.

k—x
Then A(A NK)=A(A)>0and U,_o(T*)™ (A NK)= [0,1] (mod 0) since T*
is conservative and ergodic with respect to A. Now let y =(T*)' (x)€E A NK.
The right hand side of (2.1) then yields
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1=1a(y)= lim E(14 |0 (y) = Clim inf A (An)).

Hence A (A.)) = e(y)= ¢ >0 for all k = 1. In particular, §(x)>0if ¢ =0. For
t =1 we argue as follows. Because of

n(y) = nen(x)-n(x), k=1,
and
A, =T“A, (mod0), O0=k<n, nzl,
we have

An =T (x)(Aneo)) forevery k=1.
Let I, be a finite subset of I such that X.c;,A(B(i))>1—¢/2. Then

max A (Ang) NB@G)Z e/2|1y].

=

Thus,
AT Any) Zmax A(T"(Aney N B(i)))
i€l
Z max A (Ank(y) N B(l))
i€l

=g ;2 ’ Io ’ .

Therefore
AMAn) Z /2] 1] for k >t

This completes the proof. O

In [1] a conservative ergodic measure preserving transformation on a o -finite
measure space (X, R, u) is called rationally ergodic, if a set A € R of positive
finite measure exists such that

n—1 2

22) sup (kzo leTk/an(A)) du <o,
nzl JA =

where a,(A)=Ziou(A N T A). This condition implies that the sequence

{(1/a. (A)Zr=614 e T* : n = 1} is uniformly integrable on A or, equivalently, that

the following ratio limit theorem holds for all A,, A;, C;, C;EANR of

positive measure:
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2.3) lim a,(A,, C\)/a: (A2, C) = u(C) u(C),

where a, (A, )= (U/p(A)Eopn (AN T C) (i =1,2) (cf. 1], [7]).
For an intuitive interpretation of (2.3) note that a.(A;, C) is the expected
number of visits to the set C; before time n when the process starts in A,.
We shall show that in our case, (2.2), and hence (2.3), is valid for all
measurable sets of positive measure which are bounded away from the fixed
points x;, j €J. Let T€ J and

B(T)={A ER:0< u(A)<x,A satisfies (2.2)}.
Then we have
Tueorem 2. [0,1)\U,c)(x; — &,x; + £) € B(T) for every & > 0.

PrOOF. For T € Jr the assertion is obvious. Hence assume J# . Take
nz1 with D,.;CU,e;(x; —&,x+ ¢) and put A = U}_, B.. Since A € B(T)
implies A’ € B(T) for every measurable subset A’ of A with positive measure it
suffices to prove A € B(T). As can be seen from (1.6), there are constants
d, = d, >0 such that

d,

TiA

%H: =d, a.e.on A.

Therefore,

[ (Zrer) a

2 Z;“‘A NTANT7A)

n—-1 n-

<2d, Y, Z/\(A NTANTTA).

i=0 j=i

Let i 20 be fixed and
a = {kin =(k1,"',k.~+n)EI"+" :B(k+)CAN T—iA}'

Since | T"(x)| T'(x)"* is bounded there is a constant M = M(n) such that
(2.9) esssup w(k)(x)= M ess inf w (k. )(x)
x€[0,1] x€(0,1]

forall k. el',1=t=n.
If ki.. € a, then either ks EINJ or (Kivi, *, kixs) =0, ., k), JEJ, k# ],
for some s €{2,- - -, n}. Hence there exists anindex t, i + 1 =t = i + n, such that

(ki,=o- k)=(k¥, -+, k%), kel*, 1=si=sr
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Taking into account that
@(ken)(x)= @k, k) (fri s () @ kit -+ Kisn ) (X)
we get from (1.4) and (2.4)
esssup w (ki )(x)= CM ess mfw(k,,,,.)(x)

x€l0.1]

Therefore we obtain for j>i+n:

)\(A NnNT" A N T_]A)— E A(B(km‘)ﬂ T—(t+n)(T G—i— n)A))

kipnCa

=CM 2 AB(kn)A(T V" A)

kirp€a

=CMA(ANT AT A).
Now let B(a.), B(b.)C A. Then

A(B(a)N T Y""B(b,)) = > A(B (@ knsry-, kiiy b))

SURTRR ol
=M 'A(B(a,)A(T "™ B(b.)).
Summation over a. and b. gives
AMANT P A)y2 M7 A(A)N(T ™ A),
hence
MANTANT/A)SKAANT AAANTPA)

for j>i+n, where K;=CM’A(A) . Fori<j=i+n,

AMANT'ANT/A)SAMANT A)

SKAANT AAANTDA),
where K;'=minfA(ANTA):0=i=n}.
Putting K = max{K,, K,} we conclude

n—t -1 n—1

f (2 1.oT ) du <2d.2d2KZ 2 RANT A)(ANT Y A)
A k=0 i=0 j=

=2d:*d,Ka.(AY. O

J. Aaronson has shown in [1] that the order of magnitude of the sequences

{a.(A)} is the same for all A € B(T), and therefore an isomorphism invariant
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for rationally ergodic transformations, called the asymptotic type of T. For our
transformations it seems easier to consider the minimal wandering rates, which
will be studied in the next section. We refer to [3], §5, for general results
concerning the connection of the asymptotic type and the minimal wandering
rates.

3. Wandering rates

Let TET\Tx be fixed and let La(n)=pn(UiloT™ A), A ER, be the
wandering rate of the set A (cf. [3]). Furthermore, let

E(T)= U {A ER:A(A)>0,A C[0,1]\ U (

£>0 jeJ

~ &, x,+e)}

THEOREM 3. La(n)~ Lg(n) (n—>) for all A,B € E(T).
Proor. Let A =[0,1]\U,c;B(j,j). Then

n—1

U T—kA =[0’1]\ U B(]93])’
k=0 jer \-':-I-J

hence by (1.6),

LA(n)=u( U B(i))+2{f:'m( ’_E(x)dA(x) f (x)d)t(x)}

-3 J€I LSO
3.1) PR W gy
§C1 {] —1_ — X}
o X f;(x) f;'”(l) x = fi(x)

(Here f; denotes the continuous extension of (T),,,)™" to [0,1].)
Let first B C A, A(B)>0. Taking into account that

UT"A AU U U UB(J "))

JE€Y  i#j k=2

we get

(UT“A)\U T*BCA\BU U U U (BG.)j)

JET k=1 i#j e

N T™(B(j,i)N B°)) k

n—1
CA\BU U U B(,-.))NT*(A\B).
Jj€T k=1 Nyt
k
Hence, applying (1.6) again,
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L= L+ \B+ S 3 [ 2wy ds
3.2) -
sLam+e [ 3 a0
where g;(x) = (x —x;)/(x ~ f;(x)), x €[0,1]\{x;}.

Let j € J be fixed and x; < 1. By condition 3 of section 1 there exists a number

7, 0 < n = f;(1) — x;, such that f iis decreasmg on (x;, x; + 17). The derivative of g
is given by

1) = (| (i) prnas)ie = o,

which shows that gi(x)<0 for x €(x,x;+7). Hence the function
Zi20g (ff (x))(fi)(x) is decreasing on (x;,x; + 1), and we obtain

(=) S B NS f S a0

I

for x €(x,x; +7m)and n = 1.
Now choose N = N(j)= 1 such that f}(x) € (x;,x; + n) for all x € (x;,1), and
d(j)>0 such that fN(x)—f"'(x)=d(j)" for all x €A N(x,1). Since

S0 (fF NI (x)=c(j) on A for some constant c(j) we get for x EA N
(x,1) and n > N,

S &G E =)+ 3 g GHENENE)
c)+ 3 s ENENEE)
)
scG)+a() |

=ci)+d() [, a0,

since x € A N (x;,1) implies f; (1) = x and hence f}**(1) = f} (x). In view of (3.1)
we get



Vol. 46, 1983 INFINITE INVARIANT MEASURES 79

(33) S U= )+ d()ei’ La(n+1)

forall x € AN(x,1) and ali n = 1.
Applying the same argument to x € A N (0,x;), if x; >0, we see that (3.3)
holds for all x € A (with possibly larger constants). Since J is finite,

?G.:J kE GENFYE) =K1 +La(n+1)), x€EA,

for some constant K, and (3.2) implies

La(n)y=Lg(n)+ Ke)(1+La(n+1)A(A\B).
This shows that
34 limLg(n)/La(n)=1-c,KA(A\B).

Now let B, = U T™B. Then Ly (n) < Lys(n)+ su(B), and we get by applying
(3.4)to ANB,

lim Lg(n)/La(n)Z lim(Ls(n)/(Ls(n)+ sp(B)))(Lans,(n)/La(n))
z1-c;KA(A\B;) forall s =1.

Taking into account that A (A \B;)—0 as s—» we see that

lim La(n)/La(n)=1 foral BCA with A(B)>0.

h—x

Now let B € E(T) be arbitrary. Then

T*A for some N=1.

C=

ANT?BCT?*BC

k

Since A(ANT7?B)>0and Ls(n)=Lr25(n)=La(n)+ Nu(A) we conclude

0

1= lim LAnT—ZB (n)/LA(n)émLB (n)/LA (n)

<1lim Lg (n)/La (n) = lim (La (n)+ Nu(A))/La (n)=1. O

From a probabilistic point of view the statement of Theorem 3 may be
interpreted as follows. Let 0< u(A)<® and n(x)=min{n=1:T" (x)E A}.
Define the stopping time 7. by

n(x), if n(x)=n,
T,.(x)={

n, if n(x)> n,
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i.e. the process (Tx, T’ x,- - ) stops the first time it reaches the set A but after n
steps at the latest. Then the expected number m, (n) of steps when starting in A
is given by

ma(n) = (Upn(A) | 7 6) ()
= (UR(A) 2, wllx € A in(x)= k)

= (URAD @A)+ S, pllx € A in(x)= k)

=La(n)/u(A).
Hence the theorem asserts that ma(n)/mg(n)—> p(B)/n(A) as n—o for all
A,B € E(1).
We shall call the rate of growth of the sequences {L.(n)}, A € E(T), the

wandering rate of T. By {w.(T)} we denote any sequence for which w,(T)~
Li(n) (n—x) for one — and hence for all — A € E(T).

PrROPOSITION.  Let T,, T, € I\ Ir be weakly isomorphic via ¢ :T\—> T, and
Y : T,—> T, where w,°¢ ™" = cu> (c >0). Then,

wo(T1) ~ cw,(T3) asn—w.

ProoF. Choose A € E(T,) and B € E(T;) with BC ¢ '(A). Then,
Le(n)= L¢—1(A)(n)=u.( U TI"¢“(A))
(5 7)) et

hence lim w,(T.)/wa(Tz) =lim Ls(n)/La(n) = c.

On the other hand, w.o¢~' =c’w, for some constant ¢’. Since T, T, are
rationally ergodic we know from [1] that ¢’ = ¢ '. Therefore the same reasoning
as above yields

1im w, (T2)/ wa (T2) = 1/(lim wa (T2 wa (TY) Z c. 0

Our next goal is to calculate the wandering rate of transformations T € I\ Jx
admitting expansions at the critical fixed points. We shall proceed by stating five
lemmas, the second, third and fourth of which are of some independent interest.
The proof of Lemma 1 is a standard ¢ -8-argument, and is therefore omitted.
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LEMMA 1. Let f,g:(a,b]—R be nonnegative and integrable on [a + 8,b] for
each 8 >0, fifdA =~ and f(x)~ g(x) as x — a. Then,

b b
I fdA ~J’ gdA asy—a.
y y

LEMMA 2. Let f:[0,7]—=R (n >0) be differentiable and concave satisfying
0<f(x)<x, 0<x=m, and f'(0)=1. Let g:[0,n]—=>R be nonnegative and
bounded such that the function g(x)/(x —f(x)) is decreasing on (0,7n]; let
a0€(0,7m), ax = f*(ao) (k 21). Then,

@) if Jog(x)/(x —f(x))dx <o, ZZ_og(ax) converges;

(b) if [3g(x)(x —f(x))dx ==, [3,g(x)/(x — f(x))dx ~Zisog(ar) as n—>.

PrOOF. By the conditions imposed on f the sequence {ax} is decreasing and
limy .. ax = 0. Taking into account that

Arv1 f(ak+1) = f(ak)" f(akH) = f’(fk)(ak — Qx+1)

for some & € (ax+1,ax) the concavity of f implies
(ak = @)@k — fak1)) = 1S (a), k=0.

Therefore,

gla) ={g(a)/(ax — fa )} (ax — axs1)
s[" sx-fands

= {g(ak+1)/(ak+1 _f(ak+l))} (ak - ak+])
= g(aen)/f ()

for k = 0. Summation over 0,1,---,n —1 then yields

S gla)= | g~ fla)dx

=T glaa)f@) (1),

From this the first assertion follows immediately.
If [7g(x)/(x —f(x))dx =, the upper inequality shows that Z¢_,g(a:) di-
verges. Since lim, ...f'(ax)=1 and g is bounded

3 galf(a)~ 3 g@) (1)
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holds true. This completes the proof. 0

If f satisfies the conditions of Lemma 2, we may always take g(x)=x and
g(x)=1. The first yields

f: x/(x — f(x))dx ~ :z;;ak (n—>w), if J;nx/(x — f(x))dx = .

The second gives the interesting relation

j"—ﬂ—~n asn—>x
a X~ f(x) ’

which determines implicitly the order of magnitude of the sequence {a.}.

CoOROLLARY. Let f satisfy the conditions of Lemma 2 and let f(x)=
x—ax"'+o(x"") as x—0 (a >0,p >0). Then,

i/p

a. ~ 1/(apn) asn—o,
Proor. Using Lemma 1 we get
n dx " dx _a'—‘p_,nw’vﬂ
" L x—f(x) Jo, ax*™ " ap ap O

LemMa 3. For T € Jx there exists a version of du/dA which is continuous on
[0,1].

ProoF. The proof is a modification of the argument used in [8], theorem 8§,
where the assertion is proved for finite-to-one transformations (see also section 7
in [8]).

Let I={1,2,---} be finite or infinite. From T(fi(x))=x, x €(0,1), and
condition (4) imposed on T we obtain

O A)N S _
fL(X) - T’(fk(x)) = M, XE(O,l), k=1.

For (ki,-*-,k.)EI" and x €(0,1),

()] = e G fe (x
= ’ A PR x)+ 4
B0 S A e e (o) e TR
EM-(1+p+--+p"H=M/1-p)=K (p<1).
In particular, f&, ..., is bounded on (0, 1). Together with the other conditions for

T this implies that the functions f4,...., have C'-extensions to [0,1].
By the mean value theorem,
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logum =K forxye€(0,1].
f"l +kn (Y)

Hence there exists a constant C such that
1) W/OYABkiy k)= floy. ok (x) = CA Bk, ka)), x €[0,1], and
(i) |fir.. . . (x)]| = CA(B(ki, -, ka)), x €(0,1), for all (k,,---,k,)EI" and
all nz 1.
Now let the functions h., n =0, be defined on [0,1] by

ho=1, hy= Zazﬂ)n (nz0),

i.e. h,.1=Ah,, where A is the Frobenius-Perron operator on L,([0,1],A)
associated with T. Then,

muy~§ Z ex),  x€[0,1]

k,Z1

From (i) it follows that these series are uniformly convergent on [0, 1]. Hence the
functions h, are continuous on [0, 1], and 1/C = h, = C. By (ii),

|f”cl"”vkn(x)_f{(lv""kn(y)’§ C‘x "“)”/\(B(k], : .’k"))
for all (k,, -, k.)€ I", hence
|h.(x)—h.(y)|=C:|x—-y| forallx,ye€]0,1]

and all n 0. This implies that the sequence

{(1/n):=2: h,-}j=

is equicontinuous on [0,1]. By the theorem of Arzela-Ascoli there exist a
subsequence (n;) and a continuous function h such that

n—1
i

g.:=1/n) D hi—h uniformly on [0,1] as i >,
j=0

Since Ag. = g +(1/n)(h,, —1) and h, = C, Ag, — h as i = . On the other
hand, from

| Agn(x)— Ah(x)|= ; |8 (e (x)) = h(fic(x))] - fic(x)

= C- max [g,(x)—h(x)]
x€[0,1]
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we see that Ag,,— Ah as i —o. Therefore Ah = h,i.e. h is a continuous version
of du/dr (with1/C=h =C). O

LemMma 4. Let T € I\ Tr. Then there exists a continuous function g = g, on
[0,1] such that

(x) g1l TT(J—) x €[0,1\{x;:j €J}.

Proor. By (1.3) the invariant density can be written in the form
d < ,
FO=R* @+ 3 3 R (),
J€J k=1

where h* is a version of the invariant density of T*. According to Lemma 3 we
may suppose h* to be continuous on [0,1]. Define g on [0,1]\{x;:j €J} by
(x) I;[ x—fi(x)

J X — X

g(x)=

with this version of h*,
Let ¢ >0 be a constant such that h*(x)=c¢ for x €[0,1], and let j €J be
fixed, x, <land0< ¢ <1-x;. Choose 0<n <1—x;, N =0and d > 0such that

fiis decreasing on (x;, x; + 1),
fr(x)E(x,x +7m)  forall x €(x,1],

and
ffE)— " (x)z1/d  forall x €(x; +¢&1].

As in the proof of Theorem 3 integration over the interval [f;(x),x] yields

(x—fi(x) Z Y@= fix)—x

for all x €(x;,x;+n) and all s =0. Therefore we obtain for n Z N and
x €(x; +¢,1]

o

S RS ¢ 3 ()

<CZ(f" Y@= - d () - x) S c-d (1)~ £ 0)).

Applying the same argument to the left hand side of x;, if x; > 0, we see that the
series 27_; A *(f;(x))(f;Y(x) is uniformly convergent on [0,1]\(x; — &,x; + &) for
every £ >0 and every j €J. Hence g is continuous on [0,1]\{x;:j € J}.
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It remains to show that lim, ., g(x) exists for each j € J. Let j € J be fixed,
and choose ¢ >0, 8 >0 such that
Ih*(x)—h*(x)|=e  for|x—x|=6.
Since |f;(x)— x;| =|x — x;]| this implies
[R*(ff(x))—h*(x)|=e for|x—x|=8 andallk=1.

Therefore,

£

=e 2 (fiY(x)

SN E) - h* ) S, ()
for |x —x;|= 8, and hence
lim S k@)@ [ (3 0@) = k).

Taking into account that the functions - h*(fi(x))(fi)(x) are bounded on
B(j) for all i € J\{j) and

lim Y (f))(x)=c°
x—x; k=1

(cf. [20]) we obtain

tim () / (2, 0w)) = k).

Finally, by the lemma in [20],

llm _ﬁi_) kz (fx)=1.

Hence
lim g(x)=:g(x)

exists. ad

LEMMA 5. Let g h* be as in Lemma 4. Then,
wa(T) ~ ;} h*(x;) ‘; (Fi)-fi©) asn—>w,

and

h* Xi .
h*(x) = g(x,)l-[;{W;) i€l
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Proor. Let A =[0,1]\U,c,;B(j,j). By Lemma 4,

(x) h*(x; At as x —x;.

x = fi(x)

Hence applying Lemma 1 we get

Wn(T)"‘ LA (n)

n—1

= u( U T"‘A)

k=0

=i U BO)+ S @UOLf O+ i WD)

igJ

1 —
~ S h*x (J x-x +I Mi_dx).
2H ), TF@ % e —0
From this the result follows by applying Lemma 2 (with g(x)=x) to f(x)=
x; — fi(x; —x) resp. f(x)=fj(x; + x)—x. The formula connecting h*(x;) and
g (x;) results from the proof of Lemma 4. O

Now assume that for each j€J
Tx)=xxza(x—xY " +o((x —x)y"") asx—ox,
or equivalently
iF)=xFa(x — " +o((x —x)i")  asx—x,

where a; >0, p; EN.
Then

L) =] 1x -l "he),

where by Lemma 4, h(x) may be assumed to be continuous on [0,1].
With the notations

p =max{p;:j €J},
Jo={j€J:p=p},
1, if x €{0,1},
e(x)=
2, f0<x<1,

¢ =[llx—x|"h(x),
ieJ
ik
we obtain
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THEOREM 4,

(;h(x,-))logn, ifp=1,
w.(T)= I

1-1/p
ﬁtﬁ(zsunww”ﬁf“ﬂ ifp>1.
i€ty

ProoF. By the corollary to Lemma 2,
fiD=£1©@) = (1)~ %)+ (x; — f{(0)
~ e () (a;pk)""

as k — <, hence
e(x;)a;'logn if p =1,

S (- fion~
nlAl/pi

E(Xi)(aip/‘)_”p'l_:Tpi it p; > 1.

Taking into account that

h*(x)= h(xj)a,l;lj |x; — X"
ixj
the assertion now follows from Lemma 5. Notice that the numbers p; are even, if

0<x; <1.Hence Jo=JC{0,1} whenp =1. [

Before giving some examples we indicate a possible extension of the definition
of the wandering rate to more general transformations.

Let (X,%,u) be a o-finite measure space, and let T:X— X be measure
preserving, conservative and ergodic. Motivated by the proof of Theorem 3 we
define the class W(T) by

W(T)={AER:0<u(A)<o,Ls(n)~La(n)asn—w
forall B€ A N R with «(B)> 0}.

Then the following assertions hold:

i) AeEW(T)iff 0<u(A)<woand limLg(n)/La(n)=1 for all B E R with
©(B)>0,

(ii) La(n)~ Lg(n) as n —« for all A,B(E w(T),

@iii) if T\, T, are isomorphic by ¢ :T,— T, then ¢(W(T}))= W(T>) and
La(n)~cLg(n) as n—» for all A € W(T,), B € W(T>).
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Hence, for all T with W(T) # ¢ the wandering rate can be defined as the rate
of growth of the sequences {La(n)}, A € W(T).
EXAMPLES.
x/(1-x), x€B(0)=[0,1/2],
(1) T(x)=

2—-1/x, x€B()=(/2,1],
—Z—)%(x)= /x(1-x).

Here we have J =J,={0,1}, p =1, h(0)=h(1)=1, hence
w.(T)=2logn,
as in this case, can easily be verified also by a direct calculation.
(2) Tx =tanx, x €R, du(x)/dr =1/x°.
Consider S = ¢T¢ ™' where ¢(x)=(1/7) arctan x +3. Since

w’ 1\’
S(x)=x+?(x—§) + e

on B(0)=(:~(1/w) arctan 7/2, }+ (1/m) arctan 7/2), and the invariant density
of S is given by
%W' )Y (x) = mlcos’ mx = h(x)/(x —3F with h()=1/m,

we have p =2, ¢co=1/m, £(3) =2, ap= 7°/3. Thus,

wa(T) = wa(S)=2V2n/3.

() Tx =x +Z:p./(n, — x), x ER (p. >0), du/dA = 1.
By transforming on [0,1] with ¢(x) = (1/7) arctan x +3 one gets a transforma-
tion § with critical fixed points xo=0 and x, =1, and invariant density

(@7"Y(x)=7/sin* mx = h(x)/x*(x — 1), h@0)=h(1)=1/m.
The expansions at x, and x, are
Sx)=x+ar’x’+--+ resp. S(x)=x+an’(x 1P+,

where a =3, p,. Hence, w,(T)=2V2an.
As proved in (2], a.(A) u(A)~(1/m)V2n/afor A € B(T). Thus theorem 3
in [3] may be applied to confirm our result.
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(4) We close with an S-unimodal function taken from [19] (cf. also [6]):

5x°

T( )—1+3 2y

x€[-1,1],

4& = ~t1 _ L2y
dA(x) A+x)y"(1-x7)".
Consider § = ¢T¢ ' on [0,1], where ¢(x) = (1/m) arccos (— x). The expansion
of S at the critical point 0 is given by
S)=x+(74)x*+---,

and
EE—“"——(x)—fr/a cosmx) = (1/x})h(x)  with h(0)=2/m.

Thus, w.(T)= V2n.

We should note that in Examples (3) and (4) | $'(x)] is equal to 1 for points x
different from the fixed points x;, j€J. This difficulty, however, is easily
removed by considering (S*)’ instead of S*.

4. Entropy and McMillan’s Theorem

Let us first recall the definition of the entropy of conservative transformations
as given in [11]. Let (X,®, ) be a o-finite measure space and T:X— X be
conservative, ergodic and measure preserving. If A, A; are sets of positive finite
measure, it follows from Ta, = (Ta,ua,)a, and the entropy formula for induced
transformations that

r(A)R(Ta) = u(A1U A3)h(Taua,) (i=1,2),

where h denotes the entropy with respect to the corresponding normalized
measure. Thus the number

h(T,pn)=pn(A)h(Ta), O0<p(A)<o,

is independent of A. It is defined as the entropy of T with respect to u. Note that
h(T, ) = p(X)h(T) if p(X)<o.
For T € Jx, h(T,u) is given by Rohlin’s well-known formula

@) WTw) = [ g T@du()  @t.0).

By McMillan’s Theorem, if h(T,p) <,
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(4.2) —lim (1/n)log A (B(k: (x))) = k(T 0 )/ ((0,1])  ae.

where B(k,(x)) is the cylinder of order n containing x.

We shall show that (4.1) is true for all T € J, and also (4.2) when suitably
modified. Furthermore, (1.6) will yield a simple criterion for the finiteness of
h(T, p).

Let T € 9, and Ta., be an auxiliary transformation as defined in section 1 such
that the sets D, are unions of cylinders of order n+s for a fixed s €
{-1,0,1,2,---}, ie.

D" = U B(k"+5) (kn+s = (kl,' e ,kn+s)), n= 1,

ki €A,

for a suitable index set A, (D, =[0,1] for s = —1).
Let v be invariant for Ta,., v <A, and let u be given by (1.3). Then

TW=3 3 o)),

n=1 k€4,

where

o (6)) = GE G o)), 121,

0. (k) () =2 ().

Under these assumptions we have the following
LEMMA. [olog T'(x)du(x)= falogTh . (x)dv(x).

PROOF. Assume one of these integrals is finite. Then
j log(T*"'Y(x)dv(x) is finite.
A

To prove this, let first the right hand integral be finite. From
(T*'Y(x)=(Ta.)(x) ae.onA

and the fact that v is invariant for T, , it follows that
[ og(rymyavin) = [ tog(riy)dvix)
A A
=> | logTh.(Th.x)dv(x)
i=0JA

=(s+ I)L log T4 .(x)dv(x) <o
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If the left hand integral is finite,

o> (s + I)J;I log T'(x)du(x) = J:)l log(T*"'Y(x)du(x)
2 | 1og(T Y du(x) 2 [ tog(T"" (@) dv(x),

since u(E)Zv(E)foral EEANX.
This consideration justifies the following calculation:

f log T'(x)du(x) =2 };A L log T"(x)w, (Ke+s ) (x )dA (x)

Il
T
o]

log T'(T"" (x))dv(x)

il
uMﬂ

2:: f log T'(T"** (x))dv(x)

il
Ms

L log(T*Y(x)dv(x)

k=1

+ 3| toa(ry(r oy -0 yan )
= L log T4 (x)dv(x)
+ [ 1os(T Y(Tanx)dv ()~ [ tog(T""Y () (x)
= L log T/...(x)dv(x). O

Now we can prove

THEOREM 5. Leat TE J.

(1) h(T,p) = folog T'(x)du(x) = v([0,1]) h(T*), if v is the invariant measure
of T* and w(E)=2i.,v(T*END,), EER.

() Let uj(x)=(x - x;(T'(x)-1)(Tx —x)"', x EB(), j€J. If

~ 2 A(B(i))logA(B(i) <,

then h(T,p) <, if and only if w; € L(B(j),A) for all j € J.
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(3) If (T, p) <, then

- lim logA (B(k(x)) / T () =h(Tp) / | gdn e

forall g€ L\(n), g =0, [ogdu >0.
Proor. (1) Let A = B(k), k €I\J Then 0< u(A)<oo, Ty € Tr(A) and
Miana is invariant for Ta. Hence by (4.1) and the Lemma,

BT = m(AR(T) = [ 108 T4()du(x) = [ l0g T0x) dia (o).

If J = I, we get the result by applying the same argument to T°. The second
equality is also an immediate consequence of the Lemma.

(2) Let B, n>0 satisfy B(x —1)=Slogx=x—1 for 1=x=1+n. Choose
£ >0 such that T'(x)= 1+ 7 for all x € B(j) with |x —x;|<e and all j EJ.
Putting

X.= U {xE€B():|x—x|<e}
j€s
we have

WTw)= [ logT@du)+ [ logT'x)dutx).

0,1\ X,

By condition (4) imposed on T there exists a constant ¢ >0 such that
(1/e)A(B(i)) = w(i)= cA(B(i)) a.e. for all i € I Therefore,

—logc — '_;,\(B(i)) log A (B(i))= L' log T'(x)dA (x)

=logc — z’/\(B(i))log)«(B(i)).

Hence by assumption
1
I log T'(x)dA(x) <.
0
Since du/dA is bounded above on [0,1]\ X, this implies

j log T'(x)du(x) <.
[0. 1\ X,

Now,

B(T'(x)-1)=<log T'(x)= T'(x)-1  for x € B()N X.,
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hence

CIBI u,(x)d)\(x)éj logT'(x)dp(x)
B(NX, )X,

B(j)n

§Cz[ W(x)di(x),
B(NX,

where ¢y, ¢ are the constants in (1.6). Taking into account that u; € L (B(j), A ) if
and only if

j w(x)dA(x) <o,
B(INX,

the assertion is proved.

(3) Let B=B(b), b I\J, and S:[0,1]—[0,1] be the first passage map with
respect to B (see section 1, (iii)). As every S-cylinder is a T*-cylinder, (1.4)
implies that S has an ergodic invariant measure » with density bounded away
from zero and infinity. After a suitable normalisation of », (1.3) holds and
therefore w(B)=v([0,1]). Hence the Lemma implies h(T,pn)= u(B)h(S).
Letting

n—1
()= % 1s(T"x)
we have

B(k"(x)):B(k-l’.."Ej,,(x)y*".'a*),

where the blocks k; correspond to S-cylinders of order one, and the digits
marked by * are different from b. Thus,

—log v(B(ky," - -, ki))jn (x) = —~Tog v(B (ks (x)))/u (x)
= — (( (x) + D/ju (xDlog v(B ks, - - -, kjre))Gin (x) + 1),

Taking into account that lim, . .j.(x) = a.e. we get, by applying McMillan’s
Theorem to S,

—11_{101° log v(B(k,.(x)))/:Z;;le(T"x) =h(S)=h(T,n)/n(B) ae.

Since v can be replaced by A the result now follows from the Chacon-Ornstein
Theorem.

If J = I, then applying the same argument to T° and B = B(b,, b,), b, # b,, we
see that
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~ lim log A (B (ks (+)) / :};jllaw”xmh(r, win(B)  ae.

Because
n-1 2n—-1
23 15(T*x)~ Y 1s(T*x) ae.
k=0 k=0

the assertion is proved for the subsequence of even positive integers. The rest is
a consequence of B(kzn+2) C B(kzns1) C B(kzn). O

REMARKS. (1) From the proof of (2) it can be seen that h(T, ) is infinite if
—ZierA (B(i))logA (B(i)) is infinite. If this sum is finite, it depends on the
behaviour of T at the fixed points x;, j € J, whether h(T, 1) is finite or infinite. A
sufficient condition for u; to belong to L,(B(j),A) is, for example, that T is r
times continuously differentiable in a neighbourhood of x;, r 22, and T (x;) #0
for some i €{2,---,r}. Intuitively speaking, this means that points near to x; do
not move too slowly under iteration of T, or equivalently, that the wandering
rate of T is not too large. Otherwise, as the following example illustrates,
h(T, ) is infinite.

Let f(0)=0, f(x)=x+x*¢™*, x>0, and let a €(0,1) be determined by
f(a)=1. Define T:[0,1]—[0,1] by

{ f(x), x €EB(0)=[0,a],
T(x)=
(x—a)(1—-a), x€B(1)=(al].

Then uo(x)=2+1/x& Li(B(0),A), hence h(T,n) = . Note that the invariant
density of T has an essential singularity at 0. In fact,

%(x) =g(x)e" /x, g continuous and positive on [0,1].
Furthermore, by the lemmas of section 3, w.(T)= g(0)n/log n.
(2) If T has finite entropy, we define (adopting an idea from [1])
Wa(T)=wa(T)/h(T, ).

Then, if T, T, are weakly isomorphic transformations with finite entropy,
W (Th) = W (T?) holds true.

Clearly, {w.(T)} is a still more powerful invariant.
Consider, for example, the following two transformations:
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x/(1—x), 0=x=3,
Tl(X)=

x—1, isx=l1, ‘—i’i (x)=1/x;

x/(1—x), 0=x =1,
Tz(X)=

2-2x, l=x=1, %”“—(x) 2x (2 - x).

In both cases the wandering rate is equal to {logn}.
Since T* is the continued fraction transformation it follows that k(T\, ) =
m°/6 == 1.645 (cf. Theorem 5). On the other hand,

l/2
_ oggl x) dx
h(T:,p:)= 4f %) dx +2]og2 » XC=%)

1
—4[ f—(i%dx +log2-log3
1

i2

72 -log2-log3—4 Y 27"V 2n +1)7
n=0

=~2.112,

i.e. the ‘normalized’ wandering rates w,(T;) and w,(T>) are different. Thus the
systems (T, u,) and (T, u2) are not weakly isomorphic.

(3) We conclude by calculating the entropy of Tx =tanx, x €R. With the
notations of Example 2 in section 3 we get

h(T,u)= JlogS(x)COS pu

- 277[ logsin mx
cos’

1
=27r[ dx
0

=2,

and

w.(T)=(1/7)V2n/3.
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